Agentic Al Math by Hand & Workbook Chapter 2: Context Problems

1. Mark the Context

An Al agent runs on a model with a 4,000-token context window, drawn below as cells of 100
tokens. The conversation so far uses 3,200 tokens. Mark each used cell with an X.

i Step 1: Mark the used cells with an X
i 1-1.000 | X | XX | X | X
i 1,001-2,000 | ¥
i 2,001-3,000 | X
X

3,001 - 4,000

--------------------------------------------------------------------------------------------

Practice 1

An Al agent runs on a model with a 2,000-token context window. The conversation so far uses
1,600 tokens. Mark each used cell with an X.

Step 1: Mark the used cells with an X
1-1,000

1,001 - 2,000

Practice 2

An Al agent runs on a model with a 3,000-token context window. The conversation so far uses
1,200 tokens. Mark each used cell with an X.

Step 1: Mark the used cells with an X
1-1,000

1,001 - 2,000

2,001 - 3,000

Al by Hand & © Prof. Tom Yeh



Agentic Al Math by Hand & Workbook Chapter 2: Context Problems

2. What Fills the Window

An Al agent has a 4,000-token context window. It holds a 400-token system prompt, 1,400 user
tokens, and 1,000 output tokens. Mark the system prompt S, the user tokens U, and the output
tokens O, then work out the free space.

Step 1: Mark what each part holds

1-1,000 [ s [ s | s | s
1,001-2000 | ) | U | U

2 1 | =l § =
O|C
O |

Uluju
UjUu|U|U
2001-3000 |0 |OjlOo|O|lO|O]|O

3,001 - 4,000

Step 2: Subtract the used tokens from the window

4,000 - 400 - 1,400 - 1,000 = 1,200 tokens free

Practice 1

An Al agent has a 4,000-token context window. It holds a 300-token system prompt, 1,100 user
tokens, and 800 output tokens. Mark the system prompt S, the user tokens U, and the output
tokens O, then work out the free space.

Step 1: Mark what each part holds
1-1,000
1,001 - 2,000
2,001 - 3,000

3,001 - 4,000

Step 2: Subtract the used tokens from the window
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2. What Fills the Window (continued)

Practice 2

An Al agent has a 4,000-token context window. It holds a 200-token system prompt, 1,000 user
tokens, and 800 output tokens. Mark the system prompt S, the user tokens U, and the output
tokens O, then work out the free space.

Step 1: Mark what each part holds
1-1,000
1,001 - 2,000
2,001 - 3,000

3,001 - 4,000

Step 2: Subtract the used tokens from the window
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3. Turn by Turn

An Al agent runs on a 4,000-token context window and starts with a 400-token system prompt.
Each turn adds 100 user tokens and 300 output tokens. Mark the window after three turns.

Step 1: Mark the system prompt S, then each turn's user tokens U and output tokens O
11000 [ s [ s|Ss|slUlolololU|O

2,001 - 3,000

3,001 - 4,000

Step 2: Total what the conversation has used

1,001-2000 0 0 U O O O
E 400 + 3 x 400 = 1,600 tokens E

Practice 1

An Al agent runs on a 4,000-token context window and starts with a 300-token system prompt.
Each turn adds 100 user tokens and 200 output tokens. Mark the window after four turns.

Step 1: Mark the system prompt S, then each turn's user tokens U and output tokens O
1-1,000

1,001 - 2,000
2,001 - 3,000

3,001 - 4,000

Step 2: Total what the conversation has used
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3. Turn by Turn (continued)

Practice 2

An Al agent runs on a 4,000-token context window and starts with a 200-token system prompt.
Each turn adds 200 user tokens and 200 output tokens. Mark the window after three turns.

Step 1: Mark the system prompt S, then each turn's user tokens U and output tokens O

1-1,000
1,001 - 2,000
2,001 - 3,000

3,001 - 4,000

Step 2: Total what the conversation has used

Al by Hand £ © Prof. Tom Yeh



Agentic Al Math by Hand & Workbook Chapter 2: Context Problems

4. Will It Fit?

An Al agent's 3,000-token context window already holds 1,800 tokens, marked X below. A new
1,400-token user message arrives. Number the chunks into the empty cells, one chunk per cell,
and see whether the whole message fits.

Step 1: The message in chunks
1,400/100 = 1% chunks

Step 2: Number the chunks into the empty cells
1-1000 X | X | X | X | X | X | X X | X|X

1,001-2000 | X | X I X[ XIX|IXIX| X112
2001-3000 | 3 | ¢ |5 | 6|F| 8|9 |[101711]12

Step 3: Does the whole message fit?
fits X does not fit

Practice 1

An Al agent's 3,000-token context window already holds 1,200 tokens, marked X below. A new
900-token user message arrives. Number the chunks into the empty cells, one chunk per cell,
and see whether the whole message fits.

Step 1: The message in chunks

Step 2: Number the chunks into the empty cells
1-1000 | X | XX [ XX [ XX ]| X]|X|[X

1,001-2,000 X @ X

2,001 - 3,000

Step 3: Does the whole message fit?
fits does not fit
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4. Will It Fit? (continued)

Practice 2

An Al agent's 3,000-token context window already holds 2,300 tokens, marked X below. A new
1,100-token user message arrives. Number the chunks into the empty cells, one chunk per cell,
and see whether the whole message fits.

Step 1: The message in chunks

Step 2: Number the chunks into the empty cells
1-1000 | X | X[ X[ XX | XX | X]X]|X

1,001-2000 X X X | X X X X X X X

2,001-3,000 X X X

Step 3: Does the whole message fit?
fits does not fit
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5. Turns Until Full

An Al agent's 4,000-token context window already holds 800 tokens, marked X below. Each
turn adds 200 user tokens and 300 output tokens. Mark each turn as U U O O O until the
window is full, then count the turns.

Step 1: Mark eachturnas UU O O O

1-1000 | X [ X[ X[ XX | X[X[X]U]|U
1,001-2000 o lololVUlUulolololvu |l vy
2001-3000 O |OJO|UVUJU|O]JO|O}|U |V
3001-4000 o lololUlvulololo

Step 2: Count the turns

(4,000 - 800)/(200 + 300) = 6.4, so b turns

Practice 1

An Al agent's 4,000-token context window already holds 1,200 tokens, marked X below. Each
turn adds 100 user tokens and 300 output tokens. Mark each turn as U O O O until the window
is full, then count the turns.

Step 1: Mark eachturnas U O O O
1-1000 X X | X X X | X | X X | X|X

1,001-2,000 X | X
2,001 - 3,000

3,001 - 4,000

Step 2: Count the turns
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5. Turns Until Full (continued)

Practice 2

An Al agent's 4,000-token context window already holds 1,000 tokens, marked X below. Each
turn adds 300 user tokens and 300 output tokens. Mark each turn as U U U O O O until the

window is full, then count the turns.

Step 1: Mark eachturnas UU U O O O
1-1000 | X [ X[ X[ XX [ X[X[X]|X]| X

1,001 - 2,000
2,001 - 3,000

3,001 - 4,000

Step 2: Count the turns
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